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Abstract
Motivated by the work of Polchinski and Strominger on type IIA theory, where the
effect of non-trivial field strengths for p-form potentials on a Calabi–Yau space was
discussed, we study four-dimensional heterotic string theory in the presence of a mag-
netic field on a 2-cycle in the internal manifold, for both N = 4 and N = 2 cases. We
show that at special points in the moduli space, certain perturbative charged states
become tachyonic and stabilize the vacuum by acquiring vacuum expectation values,
thereby restoring supersymmetry. We discuss both the cases where the tachyons ap-
pear with a tower of Landau levels, which become light in the limit of large volume of
the 2-cycle, and the case where such Landau levels are not present. In the latter case
it is sufficient to restrict the analysis to the quartic potential for the tachyon. On
the other hand, in the former case it is necessary to include the Landau levels in the
analysis of the potential; for toroidal and orbifold examples, we give an explicit CFT
description of the new supersymmetric vacuum. The resulting new vacuum turns out
to be in the same class as the original supersymmetric one. Finally, using duality, we
discuss the role of the Landau levels on the type IIA side.
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1. Introduction
In Ref. [1], breaking of N = 2 supersymmetry in four dimensions was considered in type
IIA theory as a consequence of non-trivial expectation values for various field strengths on
the Calabi–Yau space. By choosing 2-, 4-, 6- and 10-form field strengths one could gauge
the translational symmetry of the Neveu–Schwarz (NS) axion in all possible electric and
magnetic directions. This leads to a scalar potential that comes from the gauge kinetic
term of the ten-dimensional theory. With the exception of the 10-form field strength, for
which one has to start from the massive type IIA theory, the remaining cases, for small field
strengths, can be studied within the effective field theory starting from the conventional
type IIA in D = 10 and doing a Kaluza–Klein reduction. We recall that in the sigma-model
frame the type IIA bosonic action in D = 10 is:
S =
1
2
∫
d10x
[√−g{e−2ϕ [−R + 4(∂ϕ)2 − 3
4
(dB)2
]
+
1
4
F 22 +
3
4
(F4 − 2dB ∧ A)2
}
+
1
64
F4 ∧ F4 ∧ B
]
, (1.1)
where B is the NS-NS antisymmetric tensor field, ϕ is the dilaton, and F2 and F4 are the
field strengths of the Ramond–Ramond (R-R) 1-form and 3-form potentials, respectively.
Consider for instance, the case where the 6-form field strength F6 (the dual of F4) gets
an expectation value F6 = ν6ω6, where ω6 is the volume form of the Calabi–Yau space and
ν6 is a constant that is quantized in units of its inverse volume V . The ten-dimensional term
F6 ∧ F2 ∧B will then give the four-dimensional coupling Aµ∂µa, Aµ being the graviphoton
gauge potential and a the axion field. Thus, an expectation value of F6 leads to an electric
gauging of the translation symmetry of the axion. The resulting scalar potential, due to
the kinetic energy of F4, is g
4
IIν
2
6V ∼ g4II/V (in the Einstein frame), where gII = eϕ is
the four-dimensional type IIA coupling. The fact that the coupling appears to the fourth
power is due to the R-R nature of the gauge fields. This potential is runaway and vanishes
only in the limit of infinite volume or vanishing coupling. However, it was argued that
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it can be stabilized in the presence of additional massless charged states in the unbroken
theory [1]. In the type II theory, such massless states do indeed appear at the conifold
points. In the presence of non-trivial field strengths these states become tachyonic and,
after minimizing the quartic potential with respect to these tachyonic fields, one finds a
new N = 2 supersymmetric vacuum.
Our aim in this paper is to study the above phenomenon in the context of heterotic
theory compactified on K3 × T 2, where these tachyonic states appear at the perturbative
level. As a result, one can carry out the analysis in a more precise and complete way. We
will see below that in the presence of a magnetic field on a two-sphere in K3, the tachyon
state is in general accompanied by an infinite tower of excitations that correspond to higher
Landau levels whose mass squares are of the order of the inverse power of the volume of the
two-sphere. In the context of N = 2 theories these higher Landau levels are non-BPS states
and are therefore not stable. Nevertheless they contribute to the effective potential with
terms of higher powers of the tachyon field that cannot be ignored in the large volume limit
of the two-sphere, since the contributions they give to the vacuum energy are of the same
order as the ones due to the quartic term. The large volume limit is mapped, via duality, to
the weak coupling limit of IIA theory, where these higher Landau levels appear as branes
on non-supersymmetric cycles whose masses are of the order of the coupling constant. The
minimization of the potential therefore requires an analysis including all of these states.
We find that supersymmetry is restored at the new minimum and show that it is in the
same class as the original supersymmetric vacuum before turning on the magnetic field.
We will also study the case where all the excitations have mass splittings of the order of the
string scale. In this case it is sufficient to restrict the analysis to the quartic terms in the
tachyon effective potential, as higher powers in the tachyon field give, in the large volume
limit, higher-order contributions to the vacuum energy.
The paper is organized as follows. In Section 2, guided by the type II
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duality, we show that the heterotic version of the phenomenon discussed in [1] involves
turning on a magnetic field on appropriate two-cycles of the N = 2 compactification man-
ifold, K3 × T 2, or T 6 in the N = 4 case. For simplicity, we restrict ourselves to toroidal
or orbifold compactifications. We also discuss the spectrum of states in the presence of
a magnetic field. The tachyons that appear in the untwisted sector are accompanied by
higher Landau levels, while those appearing in the twisted sector are not. In Section 3, we
discuss the examples involving higher Landau levels both in N = 4 and in N = 2 theories.
In the latter case, we discuss in some detail examples of Z 2 and Z 4 orbifold models. In
Section 4, we study the case of twisted sector tachyons that do not appear with Landau
levels. Section 5 contains a discussion of the implication of these results for the type IIA
side.
2. Heterotic Theory in the Presence of Magnetic Fields
To anticipate what may happen in the heterotic string theory it is convenient to start
from the six-dimensional (6D) type II–heterotic dual pair [2, 3]. Type IIA is compactified
on K3 while heterotic on T
4. The 6D gauge fields in type IIA are associated with the
cohomology classes of K3, namely one each from the 0- and 4-cohomology and 22 from the
2-cohomology. On the heterotic side these gauge fields appear in the usual way: 4 from
the left-moving fermionic sector and 20 from the right-moving bosonic sector. At a generic
point in the moduli space, the gauge group is Abelian. Now let us further compactify the
6D theory on a two-dimensional compact space, which can be either T 2 or CP 1. In the T 2
case the resulting 4D theory has N = 4 supersymmetry, while in the CP 1 case, in order
to have conformal invariance, one must consider a fibration of the 6D theory over the base
CP 1 and the resulting 4D theory has N = 2 supersymmetry [4, 5, 6]. In the type IIA case
this gives rise to a Calabi–Yau space, which is a K3 fibration over the base, while in the
heterotic case, this can be thought of as a compactification on K3 × T 2, together with an
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appropriate gauge bundle. The base CP 1 in this case is part of K3. Under the duality, the
4D inverse coupling squares of type II (g−2II ) and heterotic (g
−2
H ) are mapped to the volume
of the base of the heterotic (VH) and type II (VII), respectively.
Thus, if one wants to describe the above phenomenon of supersymmetry restoration
perturbatively on the heterotic side, one should consider those gaugings on the type IIA
side for which the scalar potential vanishes in the limit of large volume of the base. If we
give expectation values to the field strengths of the 6D gauge potentials (that survive the
fibration) on the base, then these field strengths are quantized via the Dirac quantization
condition. In the limit of large VII , where the metric of the Calabi–Yau factorizes into a
component along the fibre and one along the base, one can see that the field strength is
quantized in units of the inverse volume VII of the base. The kinetic term for the gauge
field then gives rise to a 4D tree-level potential. As we mentioned above, in the large VII
limit, the resulting potential (in the Einstein frame) is of order g4II/VII . From the D = 10
point of view, these gauge field strengths correspond to 2-, 4- and 6-forms that have non-
vanishing integrals over the base. On the heterotic side, such field strengths will have the
interpretation of 6D gauge fields, acquiring non-vanishing field strengths on the base.
On the heterotic side there is a 6D tree-level coupling dB · ω(A), with B being the
antisymmetric tensor and ω the Chern–Simons form. It follows that a non-trivial field
strength on the base induces in four dimensions a term Aµ∂µb, where b is the pseudoscalar
modulus associated to the Ka¨hler class of the base. This mechanism therefore gauges the
translation symmetry of b. This is expected from the fact that the type IIA axion is mapped
to b under duality.1 Note that in the heterotic side this gauging is always electric.
By the usual Dirac quantization condition, the expectation value of the field strength
is quantized in units of the inverse volume VH of the base, in the limit of large VH . Note
1This translation symmetry is of course broken by world-sheet instanton effects on the heterotic side,
in the same way as the axion shift is broken by space-time non-perturbative effects on the type II side.
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that under duality the modulus VH is mapped to the type II dilaton and belongs to a
hypermultiplet in the case of N = 2 compactifications. The 6D gauge kinetic term then
gives rise to a tree-level cosmological constant that falls off as g2H/V
2
H (in the Einstein
frame). Taking into account the relation between coupling and volume in the two theories,
we see that their scalar potentials match one another. As discussed in Ref. [1], this runaway
potential can be stabilized if there are special points in the vector moduli space at which
there appear extra massless states, which are charged under the above gauge field. In
heterotic perturbation theory, such states can arise only for gauge fields coming from the
right-moving sector. In the following we will restrict ourselves to such gaugings.
In Refs. [7, 8, 9], the spectrum in the presence of a constant magnetic field F for some
U(1) gauge field on a torus of volume V has been analysed. Given the minimum charge
qmin, the single-valuedness of the wave function of charged states implies the following
quantization for the magnetic field:
F =
2πk
qminV
, (2.1)
for some integer k. Then, the previously massless states, with charge q = ℓqmin in D = 6,
give rise to a tower of Landau levels with masses (for small F ):
M2 = g2H [(2n+ 1)|qF | − 2sqF ] , (2.2)
and multiplicity ℓk. Here, s is the eigenvalue of the internal spin operator, and the non-
negative integer n labels the Landau levels. Landau levels arise from the quantization of
the two compact momenta that do not commute in the presence of a magnetic field. In the
toroidal (or orbifold) case there is always a state (untwisted) with s = 1; for n = 0, this
state becomes tachyonic, with mass squared −g2H |qF |. Note that for fermions s = ±1/2,
the two signs corresponding to the left and right chirality in D = 4, respectively. Thus one
chirality (say left) fermion (for n = 0) remains massless while the other chirality (right)
becomes massive and is paired with the left part of n = 1 fermion and so on. These results,
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obtained from field theory considerations, can also be verified in the context of type I string
theory, and the tree-level mass formula has been obtained to all orders in F in Refs. [8, 10].
In the case of orbifold compactifications, there is also another class of massless charged
states, hypermultiplets arising from the twisted sector, which have no six-dimensional in-
terpretation. In the presence of a magnetic field, these states can also become tachyonic;
however, they are not accompanied by Landau levels with mass splittings proportional to
F because they have no momenta in the K3 direction. This is most easily seen by going to
the type I side [11, 12, 13]. Here the gauge group arises from 9- and 5-brane Chan–Paton
charges, with the 9-brane gauge group corresponding to the heterotic perturbative gauge
group. The 5-branes are located at fixed points of the K3 orbifold. The heterotic twisted
orbifold states are mapped to ground states of open strings stretched between 9- and 5-
branes. Note that these strings have mixed Neumann–Dirichlet (ND) boundary conditions;
therefore they do not carry Kaluza–Klein K3 momentum, similarly to the heterotic case.
The magnetic field is now on a 9-brane plane, orthogonal to the 5-branes. The effect of such
a field on 9-brane is to modify the boundary condition of the open string on the 9-brane
end from Neumann to a generalized boundary condition. Therefore the 95 string, that
involved half-integer oscillator modes in the ND directions, now involves oscillators with
frequencies (1/2± qF ) modulo integers (in the weak field approximation). As a result, the
zero point energy gets shifted and the previously massless scalars split into two states χ,
η, with masses:
M2χ = −|qF |, M2η = |qF | , (2.3)
in the type I string frame, while the fermions remain massless. Since the lowest oscillator
mode has a frequency (1/2− |qF |), it is clear that the excited states have mass splittings
of order the string scale and as a result one does not have the usual Landau levels.
As we will see below, since the presence of Landau levels affects the analysis of the
potential, we will consider the cases with and without them separately.
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3. Tachyons with Landau Levels
This case includes N = 4 toroidal compactification, as well as untwisted sector in N = 2
orbifold compactifications of the heterotic string. Explicitly, in the untwisted sector, the
tachyonic modes corresponding to s = ±1 in Eq. (2.2) are [(∂X4 ± i∂X5)eiPL·XL+iPR·XR +
the supersymmetric completion], where X4, X5 are the coordinates of the torus, and PL and
PR are charges of the gauge fields coming from left- and right-moving sectors, respectively.
These charges satisfy the condition P 2R − P 2L = 2. The squared masses of these states
are 1
2
P 2L. In the presence of the constant gauge field strength F
a
45 in some right-moving
direction labelled by a, these masses are shifted according to Eq. (2.2), with q = P aR/
√
2.
By adjusting the Wilson lines, one can go to a point in the moduli space where PL = 0
and then the mass is just given by Eq. (2.2). In fact there are at least two states (or an
even number) with the same mass, and they correspond to PR → −PR and s→ −s. As a
result the massless fermions are paired and become non-chiral. This was to be expected,
because by turning on the Wilson lines the fermion can pick up a mass. Note that in this
way we can never get a situation like the conifold, where only one hypermultiplet becomes
massless.
The existence of tachyons in the spectrum signals instability; dynamically the tachyon
will start getting an expectation value. The question we would like to address is whether
there exists a new critical point where the potential vanishes and the supersymmetry is
restored. In order to get a feeling for what might happen, let us consider the effective
potential of the tachyon up to the quartic term. To leading order in 1/V , this quartic
potential arises from the Kaluza–Klein reduction of a 6D gauge theory, in the presence of
a background magnetic field on the base. Since the tachyons in question involve internal
spins s = ±1, the relevant gauge theory is that of SU(2), where the internal components
of W± with internal helicities s = ±1 play the role of the tachyon. In the following we first
discuss the N = 4 case, where the base manifold is T 2, and then discuss the modifications
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for the N = 2 case, when the base is realized as an orbifold.
3.1. N = 4 Case
The discussion in this case is very similar to the one appearing in the bound-state problem
of p- and (p + 2)-branes [14]. Since modular invariance implies that the complete spec-
trum must also include fundamental representations of SU(2), the minimum value of the
background magnetic field is 2π
V
σ3, with σ3 the Pauli matrix. This can be accomplished
for instance by choosing the background gauge potential to be A05 =
2π
V
x4
R4
σ3 and all the
remaining A’s equal to zero. Note that this background field satisfies the periodicity con-
ditions:
A0(x4, x5 +R5) = Ω1A
0(x4, x5), Ω1 = 1
A0(x4 +R4, x5) = Ω2A
0(x4, x5), Ω2 = e
2iπx5σ3/R5 , (3.1)
where the symbol ΩA means the gauge transformation of A by Ω. Note that this boundary
condition corresponds to a trivial Z 2 flux:
Ω1(0, 0)Ω2(0, R5) = Ω2(0, 0)Ω1(R4, 0) . (3.2)
This fact will play an important role later.
Let us parametrize the fluctuations of A4 and A5 (i.e. the scalars in 4D space-time)
around this background in the following way:
Az = A
0
z + φσ3 + χσ+ + η¯σ−, Az¯ = (Az)
† , (3.3)
where z = x5 + ix4 and σ± = σ1 ± iσ2. The boundary conditions on φ, χ and η are
determined from the fact that A in Eq. (3.3) satisfies the same boundary conditions as the
background field, namely Eq. (3.1). This means that under x5 → x5 + R5 they remain
unchanged while under x4 → x4 +R4 they transform as:
φ→ φ, χ→ e4πix5/R5χ, η → e4πix5/R5η . (3.4)
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To leading order in the large volume limit, the potential energy is given by
∫
T 2 trF
2,
where F is the field strength along the T 2 directions. Explicitly, the components of F are:
F3 =
2π
V
− i(∂z¯φ− ∂zφ¯) + |η|2 − |χ|2
F+ = Dzχ+D
†
zη + 2iφ¯χ− 2iφη , (3.5)
where the subscripts in F are the gauge indices, Dz = ∂z−2ix4/V , and D†z = −∂z¯+2ix4/V
is the adjoint of Dz. From the analogy with the harmonic oscillator problem, it is clear
that Dz acts as an annihilation operator while its adjoint D
†
z acts as the creation operator.
The ground state that is annihilated by Dz and subject to the boundary condition (3.4)
gives the two degenerate tachyon wave functions:
Ψ
(1)
0 = Ne
−πx2
4
/V θ2(τ |z¯) ; Ψ(2)0 = Ne−πx
2
4
/V θ3(τ |z¯) ; τ ≡ 2iR4
R5
, (3.6)
where θ’s are the Jacobi theta-functions and N = (−2iπτ)1/4 is a normalization factor such
that
∫
T 2 |Ψ(i)0 |2 = V for i = 1, 2. Their mass is given by Eq. (2.2) for n = 0 and s = 1.
The wave functions for higher Landau levels are simply obtained by applying the creation
operators D†z on Ψ
(i)
0 and using the background gauge condition Dzχ = D
†
zη.
The χ field can then be expanded in terms of orthonormal wave functions Ψ(i)n ’s obtained
by applying the creation operators D†z
n
on Ψ
(i)
0 . Thus, χ =
∑
n χ
(i)
n Ψ
(i)
n , with some complex
coefficients χ(i)n that play the role of four-dimensional scalar fields. Similarly, one can expand
the field η =
∑
n η
(i)
n Ψ
(i)
n . The background gauge condition can be used to solve η in terms
of χ with the result η(i)n =
√
n+2
n+1
χ
(i)
n+2, while one also finds that χ
(i)
1 = 0. Substituting these
expansions in the action and rescaling χ
(i)
n+2 →
√
n+1
2n+3
χ
(i)
n+2 in order to get standard kinetic
terms, we find that their masses are (2n + 3)g2H/V , in agreement with the mass fomula
(2.2). In fact, Eq. (2.2) with s = ±1 implies that these states come with multiplicity 4
while the tachyon and the first excitation with mass g2H/V are twofold-degenerate. On the
other hand, the transverse vectors corresponding to s = 0 are twofold-degenerate and have
masses (2n+1)g2H/V . Combining all these states into massive Lorentz representations, one
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finds that there are two massive spin 1 representations for each level (2n+1)g2H/V and two
scalars for each level (2n + 3)g2H/V , besides the tachyons. These scalars are precisely the
ones we have found above by mode expansion and which enter in the minimization of the
scalar potential.
The background gauge condition for the field φ is ∂z¯φ + ∂zφ¯ = 0. Since φ is periodic
on the torus as seen from Eq. (3.4), its mode expansion subject to the gauge condition is
given by:
φ = φ0 + i
∑
p 6=0
arg(p)φpe
2iπp·x ; φ−p = φ¯p , (3.7)
with momenta p ≡ (p4, p5) = (m4/R4, m5/R5) for integers m4,5 and arg(p) = arctan(p4/p5).
The mass of the mode φp is g
2
H |p|.
The tachyon effective potential up to the quartic level has an irreducible part, which
can be read off from
∫
T 2 trF
2:
V irreff =
1
2
g2H
{(
2π
V
)2
− 4π
V
(|χ(1)0 |2 + |χ(2)0 |2) + θ3(τ)θ3(−1/τ) (|χ(1)0 |4 + |χ(2)0 |4)
+ 4θ3(τ)θ4(−1/τ) |χ(1)0 |2|χ(2)0 |2 + 2θ2(τ)θ4(−1/τ) [(χ(1)0 χ¯(2)0 )2 + c.c.]
}
, (3.8)
where the appearance of θ-functions is a result of integration of the four-tachyon wave
functions (3.6). In addition to these irreducible terms, the effective potential also receives
reducible contributions due to the exchange of the Kaluza–Klein modes φp’s through the
following 3-point vertex:
C(i,j)p φpχ
(i)
0 χ¯
(j)
0 , C
(i,j)
p = |p|e−iπm4(
m5
2
−j)ei
pi
2
(
p2
5
4
τ−
p2
4
τ
) ; m5 + i− j = even , (3.9)
where the structure constants C(i,j)p arise upon integration of the appropriate wave func-
tions, and they vanish if p5 does not satisfy the above condition. It is easy to check that
the contribution of the reducible diagrams is:
Vredeff =
1
2
g2H
{
[1− θ3(τ)θ3(−1/τ)] (|χ(1)0 |4 + |χ(2)0 |4) + [2− 4θ3(τ)θ4(−1/τ)] |χ(1)0 |2|χ(2)0 |2
− 2θ2(τ)θ4(−1/τ) [(χ(1)0 χ¯(2)0 )2 + c.c.]
}
, (3.10)
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As a result, the effective potential up to this order becomes a total square:
Veff = 1
2
g2H
(
2π
V
− |χ(1)0 |2 − |χ(2)0 |2
)2
. (3.11)
Now it is clear that the minimum of the potential is at
∑
i |χ(i)0 |2 = 2π/V and that at this
point the potential vanishes.
Let us now consider the higher-order terms in the tachyon effective potential. These
terms can either come from higher-derivative terms in D = 6 (e.g. F 4 terms) or from
reducible diagrams of higher-point functions. It is easy to see that all the contributions
arising from the higher-derivative interactions are suppressed in the large volume limit.
However, the reducible diagrams involving vertices coming from F 2 lead to contributions
that are of the same order in volume as the quartic potential considered above. Indeed,
the n-point vertex scales as V
n−4
2 , while the propagators of the massive fields scale as V . A
simple counting then shows that |χ0|2n scales as V n−2. The fact that the reducible diagrams
involving exchanges of massive fields φp’s and the higher Landau levels χn’s contribute just
means that these fields also acquire expectation values. It is therefore more efficient to
analyse the minimization problem directly at the six-dimensional level.
Since the potential
∫
T 2(F
2
3 + |F+|2) is a sum of integrals of semi-positive definite func-
tions, the only way the potential can vanish is if each function vanishes individually. This
means that the field strengths F ’s must vanish. The question therefore is whether one
can continuously change the SU(2) field strength from the original non-zero value to a
vanishing one respecting the boundary conditions (3.1) and (3.2). This has been shown to
be possible in Refs. [15, 16] for general toron boundary conditions. In fact, our case (3.2)
corresponds to the trivial Z 2 flux. By a suitable SU(2) gauge transformation one can set
the boundary conditions Ω1 and Ω2 to be constant commuting group elements. The effect
of these constant commuting elements consists in turning on appropriate Wilson lines. As a
result the new vacuum belongs to the same class as the one of the original supersymmetric
theory, and the effect of the magnetic field is completely washed out.
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3.2. N = 2 Case
Although the above discussion was made for the case of toroidal compactification (i.e. N =
4 theory), it can be extended to the case of the untwisted sector in orbifold compactifications
that give N = 2 theories, provided the tachyons are not projected out by the orbifold
group. To be concrete, we consider here the examples of Z 2 and Z 4 orbifolds [17]. In
the former case the would-be tachyons appear in pairs, which gives an extra flat direction
in the supersymmetric theory, while in the latter case there is only one charged massless
hypermultiplet at the special point in the moduli space, which provides a tachyonic mode
in the presence of a magnetic field. As a result there is no flat direction associated to it.
Z 2 orbifold
Consider the theory in D = 4 obtained by compactifying the ten-dimensional theory
on (T 2 × T 2/Z 2) × T 2 together with a shift δ in one of the E8’s subject to the condition
2δ ∈ Γ8, where Γ8 is the E8 lattice, and the level matching condition δ2 = 12 mod Z . If
one wishes to go to D = 6, one can decompactify the last T 2 to get an N = 1 theory. The
six-dimensional anomaly cancellation provides a further test on the analysis of the vacuum
given below.
Let us now turn on a field strength on one of the Z 2-twisted tori (say x4 and x5 directions
of radii R4 and R5). Decomposing E8 in terms of E7×SU(2), let us take the field strength
to be along the Cartan direction of the SU(2). Depending on the choice of the orbifold
shift δ, this SU(2) may or may not be broken. In the case when SU(2) is not broken,
we have to go to lower dimensions and go to the Coulomb phase where SU(2) is broken
down to U(1), in order to discuss the quantization condition for the magnetic flux. Let
us choose a fundamental domain for T 2/Z 2 as 0 ≤ x4 ≤ R4/2 and −R5/4 ≤ x5 ≤ 3R5/4
with the identifications on the boundary given by the orbifold group action: the boundary
x5 = −R5/4 is identified with x5 = 3R5/4 and, at the boundaries x4 = 0 and x4 = R4/2,
x5 is identified with −x5 for |x5| ≤ R5/4 and with R5 − x5 for |x5| ≥ R5/2 (see Fig. 1).
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x5
3
4
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1
2
R5
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Z 4
Figure 1: The fundamental domains, T 2/Z 2 and T
2/Z 4, for Z 2 and Z 4 orbifolds, respec-
tively. The two patches, I and II, are defined in the text and the black dots are the fixed
points.
The fixed points of the orbifold are at (x4, x5) given by (0, 0), (0, R5/2), (R4/2, 0) and
(R4/2, R5/2).
In order to define the gauge potential associated with the U(1) magnetic flux, we choose
two patches in the fundamental domain: patch I is given by 0 ≤ x4 ≤ R4/4 and patch II
by R4/4 ≤ x4 ≤ R4/2 (see Fig. 1). We can now choose a gauge such that the U(1)
gauge potential A4 = 0 and A5 = Bx4Q in patch I and A5 = B(x4 − R4/2)Q in patch
II, where Q is the U(1) generator. This choice ensures that, at the boundaries, the gauge
potential is well defined under the orbifold group identification mentioned above. The
gauge transition function gII,I in the overlap between the two patches, i.e. at x4 = R4/4, is
gII,I = exp(−iBQR4x5/2). Demanding single valuedness of this transition function under
x5 → x5 + R5 one obtains the quantization condition B = 4πnqminR4R5 , where qmin is the
minimum charge and n is an integer. Note that this quantization condition is twice that
on the torus and is due to the fact that the area of the orbifold T 2/Z 2 is half that of the
torus T 2. Taking into account that in our case this U(1) is embedded in an SU(2) and that
the charge spectrum also includes the fundamental representation of SU(2) we have that
–14–
Q = σ3 and qmin = 1. Thus
gII,I = exp
(
−2iπn x5
R5
σ3
)
. (3.12)
Let us now go to the SU(2) point by suitably adjusting the scalars of the vector mul-
tiplets. We would like to show that one can perform SU(2) gauge transformations that
respect the orbifold group identifications, such that the transition function gII,I becomes
constant. In general if one performs a gauge transformation by gI in patch I and by gII
in patch II, then the new transition function becomes g′II,I = gIIgII,Ig
−1
I . Let us make the
ansatz gII = 1 and
gI = h(x4)e
−iπn
x5
R5
σ3eif(x4)σ1e
iπn
x5
R5
σ3e−if(x4)σ1 , (3.13)
where f and h are smooth and f(0) = 0, f(R4/4) = π/2 and the SU(2) group element h
satisfies the condition Ωh(0) = h(0)Ω, where Ω is the orbifold group action corresponding
to the shift δ. These conditions ensure that gI is well defined on the orbifold. The new
transition function then becomes
g′II,I = h
−1(R4/4) ≡ h−10 . (3.14)
Since g′II,I is a constant, it follows that one can smoothly change the background gauge
field strength to zero and as a result one again obtains a supersymmetric vacuum.
We would like to make a couple of remarks here. First, for a gauge transformation gI to
exist on patch I such that the new transition function g′II,I is a constant, the quantization
condition (3.12), which ensures that gII,I maps the boundary of patch I into a closed contour
on the SU(2) group manifold, is crucial. If, for instance, one considers a theory with no
fundamental representations of SU(2), then the quantization condition would imply that
n in (3.12) could also be a half-integer. For n half-integer, gII,I maps the boundary of
patch I into an open path in the SU(2) group manifold whose end-points are related by
the action of the non-trivial element of the centre Z 2. Since the patches are topologically
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discs (due to orbifold identifications), it would be impossible to find a smooth gI such that
the new transition function becomes a constant. Consequently the field strength would
have been non-zero, giving rise to a cosmological constant. It is quite curious that in
string theory, modular invariance guarantees that the spectrum contains also fundamental
representations. In turn, this enforces n to be an integer and, as a result, the existence
of a new supersymmetric minimum is guaranteed. For the type II theories that are dual
to the heterotic string vacua, one can use the perturbative modular invariance on the
heterotic side to deduce the charge spectrum of the non-perturbative states in the type II
side. It will be interesting to find out whether there is some generalized notion of non-
perturbative modular invariance that would impose conditions on the charge spectrum for
non-perturbative states for a generic type II theory (that may not have a heterotic dual).
This is clearly important, as the existence of the new supersymmetric minimum depends
on the quantization condition, and hence on the charge spectrum.
The second remark concerns the role of the tachyon in the above solution (3.14). In order
to arrive at the constant transition function, it is necessary that the gauge transformation
gI involves also the off-diagonal elements of SU(2). This is so because, for non-zero n, gII,I
maps the boundary of patch I into a closed path in the U(1) subgroup (generated by σ3)
that has winding number n. This path is non-trivial if one restricts oneself to this U(1)
subgroup and becomes trivial only in the SU(2) group manifold; hence gI must necessarily
involve off-diagonal elements. Transforming now the original U(1) gauge potential by gI
will necessarily introduce an off-diagonal part in the gauge potential; because of the orbifold
group invariance of gI , this corresponds to turning on expectation values for the tachyon
fields (and all the higher Landau levels). The final solution A = 0 then comes about by
a complicated field redefinition using the orbifold group invariant part of the local SU(2)
symmetry in six-dimensional space-time.
Just as in the N = 4 case, the role of the constant group element h0 is to turn on
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Wilson lines. To see this, let us extend the fundamental domain of the orbifold to that of
the torus, i.e. −R4/4 ≤ x4 ≤ 3R4/4. The gauge functions can then be extended by the
action of the orbifold group. By combining the transition functions in the two copies of the
orbifold fundamental domains, one finds that x4 → x4 + R4 is accompanied by the gauge
transformation h−10 Ωh0Ω. If Ω acts non-trivially on the SU(2) (i.e. Ω is not in the centre of
SU(2)) then this is equivalent to turning on an SU(2) Wilson line along the x4 direction.
Such a Wilson line has the effect of introducing different holonomies around different fixed
points [18]. In the present example, this amounts to having holonomies Ω around the fixed
points (0, 0) and (0, R2/2) and h
−1
0 Ωh0 around the other two fixed points. The fact that
the gauge transition function h−10 introduces these different holonomies can also be seen by
considering the eigenvalue problem for the Laplacian in the x4, x5 directions.
Since we have realized the orbifold group action as a Z 2 shift, the only non-trivial
such Ω is necessarily of the form Ω = iσ3Ω
′, where Ω′ acts on E7 and corresponds to a
shift by half the 56-weight. Note that for this choice of Ω the roots of SU(2) give rise to
hypermultiplets and, as a result, there is no SU(2) enhancement in the four-dimensional
theory; instead, what appears at this point is massless hypermultiplets. If h0 is not in the
U(1) generated by σ3, then there is a non-trivial Wilson line that can be parametrized by a
suitable choice of basis as eiθσ1 , where θ is a continuous parameter. For θ = 0 mod 2π there
is no Wilson line and the resulting theory is the same as the original one before turning on
the flux. Non-zero values of θ correspond to higgsing the original theory by giving non-zero
expectation values to hypermultiplets corresponding to the SU(2) roots.
In fact, for this example, one can construct an explicit CFT description of these models.
One can choose a basis where the Wilson line is in the Cartan direction (say eiθσ3). In this
basis the orbifold action Ω = iσ1 reflects the Cartan direction. In other words, one obtains
an asymmetric orbifold [19], where the Z 2 action is defined by reflection of T
4 together
with reflection of the chiral boson φ corresponding to the Cartan direction of SU(2), and
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a shift in the E7 given by half the 56-weight. Clearly this Z 2 is an automorphism of the
lattice deformed by the Wilson line: since the latter is along x4 in the Cartan direction
of SU(2), the deformation of the lattice involves the x4 and φ directions and, as a result,
reflecting x4 and φ simultaneously leaves the lattice unchanged. Moreover, it is easy to
see that this model satisfies the level matching condition: the original shift of half the
fundamental weight of SU(2), as well as the reflection of φ, contribute 1/16 to the level
matching condition. In this CFT description, the parameter θ corresponds to higgsing by
giving a vacuum expectation value to the Wilson line that, as a result of orbifold group
projection, is part of a hypermultiplet. Thus the new supersymmetric vacuum is in the
same class as that of the original vacuum before turning on the magnetic flux. In fact
this is not surprising: in the original supersymmetric vacuum, the special points in the
vector moduli space, where the untwisted charged states become massless, the latter come
in pairs. As a result there is always a flat direction in the Higgs branch. Now after turning
on a field strength, if there is a new supersymmetric minimum at non-zero expectation
value of the charged states, then clearly the new vacuum is in the original Higgs branch.
Since in the four-dimensional theory the flat T 2 was a spectator in this entire analysis
(apart from providing the Coulomb phase), one can decompactify this to a six-dimensional
theory. In this case the original orbifold model gives an E7 × SU(2) gauge group with
charged hypermultiplets from the untwisted sector in the (56,2) representation. In the
new supersymmetric vacuum, the spectrum can be analysed for different values of the
parameter θ. For θ = 0 one has the original spectrum, while for θ = π the gauge group is
broken to E6×U(1)2 and for generic θ the gauge group is E6×U(1), which has lower rank.
One can also study the spectrum of massless hypermultiplets and, as expected, the theory
is anomaly-free for all values of θ. In fact the point θ = π could have been described in the
original basis as an orbifold in the presence of Wilson lines, as studied in Ref. [18].
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Z 4 orbifold
In the Z 2 example considered above, at the special point in the moduli space where
extra massless charged hypermultiplets appeared, they did so in pairs, and as a result
provided a flat direction. The new vacuum then turned out to be in the same class as
the old vacuum before turning on the magnetic field. It is instructive to consider another
orbifold example where only one charged massless hypermultiplet appears. In this case
there is no flat direction that would break the U(1) in question. In the presence of the
magnetic field, if there is a new supersymmetric vacuum, it should be either the same as
the original one or a different one, disconnected from the original. This example would
therefore be closer in spirit to the one considered in Ref. [1] on the type II side.
Such examples are provided by Z 3 or Z 4 orbifolds. For notational simplicity we consider
here a Z 4 orbifold, which is realized by simultaneous π/2 rotation in the planes (x4, x5) and
(x6, x7), together with a shift given by one fourth the weight of (2,56) in the decomposition
of E8 in terms of SU(2)×E7. For this orbifold, the gauge group is broken to U(1)×E7, with
several hypermultiplets transforming under different representations of the gauge group.
The hypermultiplets that we are interested in are the ones that are neutral under E7 and
charged under U(1). In the untwisted sector, this is provided by the SU(2) root and,
contrary to the Z 2 case, there is just one such hypermultiplet, which we denote by Φ. We
can further go to the Coulomb phase by turning on Wilson lines along the (x8, x9) directions
so that E7 is broken to U(1)
7 and all the charged hypermultiplets, including Φ, become
massive.
Let us now turn on a magnetic field in the (x4, x5) plane along the first U(1). The
quantization condition can be found, as before, by going to the fundamental domain defined
by 0 ≤ x4 ≤ R/2 and 0 ≤ x5 ≤ R/2 (the two radii are equal as required by Z 4 symmetry),
see Fig. 1. The two fixed points in this domain are (0, 0) and (R/2, R/2). We can choose
two patches as follows: patch I is the lower triangle with vertices (0, 0), (0, R/2) and
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(R/2, 0) and patch II is the complementary triangle. Each of these patches is topologically
a disc, owing to the Z 4 identification of the boundaries: in patch I, the boundary (x, 0) for
0 ≤ x ≤ R/2 is identified with the boundary (0, x); in patch II, the boundary (R/2, x) is
identified with the one defined by (x,R/2). In other words, various fields on these patches
are identified on these boundaries up to a gauge transformation Ω corresponding to the Z 4
shift in the gauge sector defined above (we are considering only fields that do not depend on
x6 and x7, otherwise Ω will be accompanied by the orbifold group action on these variables).
The U(1) gauge potential that gives rise to a constant magnetic field can be defined on the
two patches, such that it satisfies the boundary identifications, as
AI4 = Bx5σ3 A
I
5 = −Bx4σ3 (3.15)
in patch I and
AII4 = B
(
x5 − R
2
)
σ3 A
II
5 = −B
(
x4 − R
2
)
σ3 (3.16)
in patch II. In the overlap between the two patches, the gauge transition function is gII,I =
exp[iBR(x4 − x5)σ3/2]. The identification of the points (0, R/2) with (R/2, 0), and the
fact that the spectrum includes the fundamental representation of SU(2), then gives the
quantization condition B = 4πn/R2 for some integer n.
At the special points in the vector moduli space where the hypermultiplet Φ defined
above corresponding to SU(2) roots becomes massless, we can perform a gauge transfor-
mation gI in, say, patch I with gI = hgII,I at the overlap of the two patches, and at the
boundaries gI(0, x) = gI(x, 0) = hgII,I(0, R/2), where h is a constant SU(2) group ele-
ment. It is clear that such a smooth gI exists owing to the quantization condition of B.
The identification of the boundaries gI(0, x) = ΩgI(x, 0)Ω
−1 implies that h commutes with
Ω and as a result h is in the U(1) subgroup generated by σ3. The new transition function
g′II,I = gII,Ig
−1
I = h is constant and therefore admits a zero gauge potential in the two
patches. Thus we see that once again at the special point where the charged hypermulti-
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plet Φ becomes massless (and hence tachyonic in the presence of a magnetic field) one can
smoothly take the field strength to zero, thereby obtaining a new supersymmetric vacuum.
In order to understand the nature of the new vacuum, we must consider the holonomies
around the fixed points. Just as in the Z 2 case, either by extending the fundamental
domain to the original torus or by analysing the eigenvalue problem of the Laplacian on
the fundamental domain, we can see that if the holonomy around the fixed point (0, 0) is Ω,
then around the fixed point (R/2, R/2) it is h−1Ωh, which is equal to Ω since h commutes
with Ω. Therefore the new vacuum corresponds to having no Wilson lines in the (x4, x5)
plane. Thus we conclude that the new vacuum is in fact the original supersymmetric
vacuum before turning on the magnetic field.
Although all of the above discussion was carried out for the N = 2 theory, it can be
extended to N = 1 orbifold models. For example, one can consider a Z 2 × Z 2 orbifold,
with the first Z 2 as defined above and the second g acting on x6, x7, x8 and x9 together
with a Z 2 shift along x4, x5 directions satisfying the level-matching condition. The tachyon
now appears in the N = 1 chiral multiplet, which is accompanied by higher Landau levels.
It is clear that the analysis given for the N = 2 case remains unchanged and the new
supersymmetric vacuum can again be given a CFT description as a Z 2 × Z 2 orbifold.
This shows that this mechanism of supersymmetry restoration, at least in some cases, also
works for N = 1 theories. It will be interesting to study this phenomenon in more general
situations as well as in the type II duals.
4. Tachyons without Landau Levels
Let us now consider the tachyons coming from the twisted sector in heterotic N = 2
orbifolds, which, as we have noticed in Section 2, do not give rise to towers of Landau levels
with masses of order g2H/V . Therefore the analysis of the potential to the leading order
in 1/V can be carried out by restricting to the quartic terms in the tachyons. Moreover
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the quartic terms that enter in this analysis are zeroth order in 1/V and therefore can be
calculated in the supersymmetric theory by setting the magnetic flux to zero. Assuming
that the tachyons are charged only under the U(1) gauge generator along which we have
the magnetic flux, these quartic terms are given by the N = 2 D-terms:
1
2
g2H
{[∑
a
qa(|χa|2 − |ηa|2)
]2
+ 4
∣∣∣∣∑
a
qaχaη¯a
∣∣∣∣2
}
, (4.1)
where the index a runs over the different tachyons and qa are the absolute values of their
charges.
In Section 2, we discussed the mass terms for tachyons in type I theory arising from
95 strings. In the type I string frame they are given by Eq. (2.3). In order to obtain the
corresponding mass formula for the heterotic theory, we have to use the duality relations
[20]:
VI =
VH
gH
ω
−1/2
H ; g
2
I = gHω
−1/2
H , (4.2)
where VI and VH are the volumes of the tori on which the magnetic flux is turned on, in type
I and heterotic theories, respectively; ωH is the total volume of the six-dimensional internal
space in the heterotic theory; gI and gH are the four-dimensional respective string coupling
constants. Starting from the mass formula (2.3) and going to the Einstein frame, while using
the quantization condition for the magnetic field F = 2π/VI in units where we normalize
the minimum charge to 1, we obtain the tachyon mass squared M2 = −|q|g2I/VI . This is
mapped in the heterotic theory, by means of the duality relations (4.2), toM2 = −|q|g2H/VH .
Combining this mass term with the quartic potential (4.1) and the cosmological constant
obtained previously in Eq. (3.11) by integrating F 2 over the internal space, we obtain:
Veff = 1
g2H
(
2π
VH
−∑
a
qa|χa|2
)2
, (4.3)
where we have set to zero all the non-tachyonic components ηa’s.
The above potential has a minimum at
∑
a qa|χa|2 = (2π/VH)2, at which the cosmologi-
cal constant vanishes and supersymmetry is restored. Unlike in the previous case, the U(1)
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is spontaneously broken at the new minimum, with its gauge field absorbing one linear
combination of hypermultiplets. This is analogous to the type II situation analysed in Ref.
[1].
5. Conclusions
We would now like to see what the results on the heterotic side imply for the type
IIA side. In particular, the first case involving Landau levels studied here should have a
counterpart on the type IIA side. In fact, it is not hard to see what these states are since
they have a six-dimensional interpretation. They are the 2-branes wrapped around 2-cycles
in the K3 fibre (which survive the fibration) and carry Kaluza–Klein momenta along the
base. Thus these are the original 2-branes boosted along the directions of the base. In the
N = 4 context, these are again BPS states that carry, besides the charge associated to the
2-cycle in K3, also the charges corresponding to the Kaluza–Klein U(1)’s coming from the
base T 2. In fact, these BPS states are needed for the heterotic–type IIA duality in order
to fill the O(6, 22) lattice, and their masses squared due to the Kaluza–Klein momenta (in
the Einstein frame) become of order A + g2II/VII , where A is the area of the 2-cycle. The
limit that we are considering corresponds to A → 0. In the N = 2 case, however, since
there are no such Kaluza–Klein U(1)’s as the base is S2, they are non-BPS states. The
masses squared of these states, as in the N = 4 case, are shifted by an amount of the order
of g2II/VII . In the context of Calabi–Yau spaces, these non-BPS 2-branes should appear
through non-holomorphic 2-cycles [21]. Of course, these states are in general unstable;
however, they do contribute to the higher-dimensional terms in the effective potential for
the BPS states.
This is exactly what happened in the discussion in Section 3 for the heterotic case.
There the quartic coupling was of order g2H , while the masses squared were of order g
2
H/VH .
As a result, for example, one gets a reducible contribution at the 6-point level (with one
–23–
KK exchange) that behaves as g2HVH . On the type IIA side the quartic coupling is 1/VII ,
and a similar reducible contribution at the (2n+4)-point level due to these non-BPS states
is (in the A→ 0 limit) of order 1/(VIIg2nII ). This peculiar problem appears because we are
taking the limit where A is much smaller than the coupling constant g2II and, as a result,
there is a tower of very light non-BPS states. Thus, in the problem of minimization of the
potential in the presence of a magnetic field, these states must also be taken into account.
As in the heterotic case, this problem is more easily analysed by going to D = 6.
For example, let us take the (11,11)-model [5], which is obtained as a Z 2 orbifold ofK3×
T 2, with the magnetic field turned on the T 2. In this model there are two types of special
points: one class with an SU(2) enhancement along with an adjoint hypermultiplet; and a
second class with an SU(2) enhancement along with four fundamental hypermultiplets. On
the heterotic side the first case appears in the untwisted sector, while in the second case the
fundamental hypermultiplets arise in the twisted sector. In particular, this means that the
charged massless states that appear in the first case have a six-dimensional interpretation.
In fact on the type IIA side these states correspond to 2-brane wrapped around one of
the vanishing 2-cycles of K3, which is even under the Z 2 Enriques involution. From the
six-dimensional point of view they appear as point particles. Upon further compactification
to D = 4, these particles will in general carry Kaluza–Klein momenta and provide higher
Landau levels in the presence of a magnetic field. From the ten-dimensional point of view,
they are 2-branes wrapped around vanishing 2-cycles of K3 that are boosted along the
base. In this case, we can analyse this problem exactly as in Section 3, by going to the
six-dimensional theory on R4×T 2/Z 2, and we find that the new supersymmetric minimum
corresponds to the old vacuum up to non-trivial field redefinitions. In the second case, if we
use the tachyons in the fundamental representation, which do not have higher Landau levels
in the heterotic theory, then the analysis of Section 4 shows that, in the new supersymmetric
vacuum, SU(2) is completely broken by absorbing three hypermultiplets. Thus, in the new
vacuum relative to the generic points in the old one, the number of vectors decreases by 1
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while the number of hypermultiplets increases by 5.
In the N = 2 case, there are also charged states that have no six-dimensional inter-
pretation in the large volume limit of the base. It is simpler to study these states on the
heterotic side compactified on K3 × T 2. In the orbifold limit, these states come from the
twisted sector and do not produce tachyons with Landau levels since they do not carry K3
momentum. However, on a smooth K3 manifold obtained by switching on the blowing-up
modes B one expects them to have K3 Kaluza–Klein excitations in the limit of volume of
the base VH ≫ B−2. By duality the same behaviour would therefore be expected for type II
on Calabi–Yau, which is a K3 fibration. Hence, apart from special points such as orbifolds,
we expect that in a generic compactification there are Landau levels. A correct treatment
should therefore also include these states.
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